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P V. I SHESTAKOV
~

' STAT
(Presented to the :mssian icademy of Science

by Se L. Sobolev, Septe 19, 195k)

1, Let there be given 2 Sequence

5(0)s * 5@isaces S()see | | (1)
of nestage b:.nary numbers that is, nunbvrs o.f the form \
°k

%(1)=Z:"sm-a s (@

where n, is any fixed integer, and n is a positive integers.
Tt will be said that the sequence

)7(0)’ Y)(l),..., ?’)(1),... ' " (3)
oi‘ Nastage binary numbers, vhere N 3 n, contains the sequence 1), if the binary
digits of every term 5 (i) of the sequence (1) con.ncide wita the corresponding
digits of the corresponding term i (1) of the sequence (3)s that is, if

q(i)efj S Ei 2 ()

k=l

The tmnsit:.on from the sequence (1) to any sequence (3) containing it will
be called an enlergement or extention of the sequence (1), ana coriversely the

transition from the sequence (3) to any sequenge (1) contained in it will be
called a contraction or restriction of the seguence (3).

2 Any sequence of the form ' .
| 5(0)3 soo) S(i)ﬂ ccaoy g(i "1) (S(i )pﬁoog g(i +m~l)) y (5)

where the sequence enclosed in parenthesis is repeated pemod:.cally with period
me will be called a nonocyclic seguence D.]
A mondcyclic sequence

7(0), ooeg q(l)g YY) ?)(i G’l) (f[(i )pooog 7‘) (l "‘1“91))
‘with all the first i, + m terns distinct will be called a basic sequence.
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Any monocyclic sequence can be enlarzed to a baéic sequerice, anc obviously
this can te cone in various ways. In particular, this cun tc donc as follous:
we select the smallest number Il satisfying the ine.juality 23'}“'lrl 2 «ip where (i is
the'largest number of ejual termsfgmang the first io + m teras of the seguence
(5). Then we replace every term S (i) of tac seguence (5) by an Nestage binary
number r)(i)'of the form (4), where the final (smallest) Nen stages are cliosen
such that the whole number V?N(ij 17N_l(i)'-~ Y)n+1(i) formed of these dizits
gives the binary reprosentatibn for the numier of preceding terms in the sequence
(5) waich are equal to the given tenn‘ﬁ(i) of that seguence. ihe seguence obe
tained in such a way will not contain the same_term wice among its first io +n
terms, and it will therefore be a basic sequence.

A seQuence in which every term arpears as a well-defined function of a

certain numbsr of previous terms of the sejuence is called a recurrent seyuence.

In particular, included among recurrent seyuences are all seguences of the form
o) = gy M) =g (g, (7
where @ is any well=defined function, »?o is any given numtcr, and i is any
positive integers.
From the singlesvaluedness of the function (Y?), and from the fact that

the number of possible terms of the sequence Y?(i) equals 2n, it follows that
every recurring sequence of the form (7) appears as a basic monocyclic sequence

with period m ¥ 27,

The converse statement is also correct: Lvery basic nonocyclic seguence (5)
appears as 2 recurring sequence described by the eguations (7).

Functions ¢ (Y?) can be effectively constructed for any given basic monoe
cyciic sequence (5) with the help of the method described in the following sece
tion.

Suppose that we regard digits of nestage binary numbers as components of
nedimensional vectors

y(i) = 5’1(1)9 .e;eo Yk(i)o coey yn(i)3 » (8)
that is, assume \
Y (8) = 9 (1) (9)

for every k and i,

(k o« l’ 2’ l.'b»hg ns i = 09 lg 29 moo)a‘:
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iiaking such a subst.itution for eaca term of tne given sequence, we obtain
the corresponding basic monocyclic sejuence of va.l.ues of t’qe nedinensional vector

N4
F(Ods wers 3y wems 737 (5D wes F(agomel)) « (10)
Mis sequence, as well as the sequence (6) uniquely corresponding to it

appears as a recurring seqﬁence 3 that is, it satisfies the eyuations

y(o) = Yy o y(141) = f(y(i)) (11)
o]

for every positive integer i.

Since the components of the vector y may tzke only two values, O and 1, there
exist 2" distinct values y 3 for this vector.

To each value yj of the vector y, there corresp ands bi-uniquely the function

Pyr) =TT (7, O % @ 1)s ()

where Y and y $,k are the kit components of the variablsvactor y and its corres-
2

ponding yj » and the sign @ denotes the operation of addition of elements in the

"~ field of characteristic 23 that is, the operational equations

060=161=0, 001=1080=1,
- The functions Py (y) in two-eleuent DBoolean algebra are called the constituent
elements.
In view of the bi-unigue carrespon;ience betweer;_ the values yj of the vector
R and tie functions p j(y)g the sequence (10) is equivalent to she following
sequence of constituent elenentss

By, e By D ere By ) (e, @) oo py ).

i +m-=

Every vector y from the nedimensional vector space over the sround field of
characteristic 2 will be called an nedimensional b..nax:y voctor, and a binary
vector appear:i.ng as a function of a certain degree, a binary function of tnat
degree,

. Any bimry function £(y) of the binary vector y can be dacomposed into
functions pd(y) § that is, a unique representution of the form

201
£y) = T, £(y3) py(rds | (1)

jeo
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where S is the symbol for the summation of 2 vectors over the field of
J=0

characteristic 2, tlie note that in view of the eyuation

P4(¥) Py () = O, | | | (15)
having set ;]“ # j, and likewise, with asb = O.

a@b=avb, ‘ (16)

where V is the sign of Boolean alternation, and the sign S, in formula (1k)
can ve regarded likewise as the sign of Boolean summation. For such purposes
the sign Z in formula (14) can be regarded as a vector form indicating the
decomposition of any function of Boolean algebra into constituent elements.
Applying formula (1i) to the values of the vector y encountered in the
given basic monocyclic sequence (10), we obtain from the tasic eguation (11)

the formula
2%.1 .
£(y) = 2, y(i+1) Py (7)s (17)
im0 - i

which allows the determination of the desired function f(y) of the recurring
sequence equivalept to the given tasic soquence (10), or equivalent finally to
the basic monocyclic sequenée (6).

In the case that the given monocyclic sequence (5) does nét aprear to be
basic, it is necessary to éctend it by any method (for exarvle the method of
section 2). to a basic sequence.

The components _fk of the vector function f, éomputed by fomula (17), can
be regarded as the corresponding binary digits ¢k of the function @ in eyuation
(Mo | |

In this form, the method described allows the conversion of any 1ionocyclic
sequence oi mmvers, rerresented as terminal numbers of binary digitsg into re~
curring “sequences, satisfying equation (7). In particulsar, any sequencevof

numbers obtained empirically =- for example, any empirical function of one variable =
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can be converted by this nethod into a recurring sequence, described by egua=

tion (7).

Se The value of the. method of conversion just described is that as a con=
sequence of this method, functions expressed by :eans of binary dizits becone
terms of a fixed sequence, via tae operations of Boolean algebra. This ene
ables every funct.ion ¢ resulting from this method to te realizable by means
of some autonomous relay system, composed of two=position relays, (3y auto-
nomous Systems we mean those relsy systems which consain no relays controlled

from the outsides)
In other words, the method under discussion makes possible the synthesis

of autonomous relay systems for any fixed sequence with the states

see ceocy 1C
yj P yj s oeey yji» P yji 4 (sr..j ’ yj:. +m.=1) | (12)

where yj is the initial value of the nedimensional vector y(i), assuning the

condition that all n relays form a relay system for the 1-- cycle of the opere
atione '

In the case that the initial value y(0) of the relay systen is obfained in
accordance with the described method, and agreses with one of the terms of the
given sequence (1), the process of changing the state of this system becomes
identical with that of subsequences of the sequence (1) which begin with a term
jdentical to y(0). In the case that y(0) does not coincide with any term of the
sequence (1), this relay system reduces immediately to the mull state y, = 0,
which is the stable state of the desired systemo

The relay systems which can be made in practice by .eans of some relay=-
contact system with vectorial properties are characterized as precisely those
systens which, for a given vector y = (\yl, seop Yp» voes Y 3 » with components
Fyo sees Yo ooes N have leads from the values waich appear to any closings
or openin;;s of contacts with all the relays, to generate the given relay systemo

6o The description of the above method can be used for the determination of
the function ¢ in equation (7) in technical circumstances, where the values of
thg functions 3‘1 (i) are determined by these relations. Unrestrained growth may.
'qccur, for example, in the case that the valucs of )’2 (i) constitute an arithmetic
_ or geometric rrogression. the resulis governing the valucs of :7 (1) as the final
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n binary digits of numbers, may be axtended by passase to the limit to the
case n > e ‘ . ,
This maothod may be used, for exa;nple , to synthesize a primitive recursive
function i (1) satisf ing the conditions (2]
3(0) =0, @3 (i*d) = (B(1)+ 313
that is, the function whose sejuence of values forms the natural sejuence

ti.e. the seyuence of natural numbers] "

Submitted
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